STEP Il - Reduction Formulae

Further calculus
Integrate using reduction formulae.

Q1, (STEP 111, 2009, Q8)

Let m be a positive integer and let n be a non-negative integer.

Use the result lim e ™" = 0 to show that

i
(i) Jim
lim 2™ (lnz)" = 0.
x—0
By writing z° as ¢*** show that
limz®=1.
x—0

1
(i1) Let I, :/ ™ (Inz)"dx. Show that
0

and hence evaluate [,.

(iii) Show that

1
/ Fdp=1= (—é)
0

Q2, (STEP Ill, 2013, Q1)
2t

Given that ¢ = tan 3z, show that i
2 7

Hence show that
“ 1 2 v1—
: (D<a<1).

——————dr = —— arctan ——
/0 l+asinz 1 —a2 Vita

b -

Let
7 sin"x
I-n = / “-—_.dﬂ' (7? 2 O).
Jo 2+sinz

By considering I,,4+1 + 21, , or otherwise, evaluate I3.




Q3, (STEP 111, 2015, Q1)
(i) Let

i 1
I, = —_—du.
n /0 Aty

where n is a positive integer. Show that

1
In . In-H = 2_nIn
and deduce that
(2n)!w
Int1 =

(ii) Let
J = f((z—21)?) de.
/0 (z—271)%)dzx

where f is any function for which the integral exists. Show that

= ./:: 1“2f((:r — 1‘_1)2) dr = %./Ooc(l +;1r—2)f((z _ 1—1)2) A= ./Om f(u'z) i

(iii) Hence evaluate

o0 1?2"_2
; 3 —dr,
./0 (2t —224+1)"

where n is a positive integer.

Q4, (STEP 111, 2016, Q1)
Let

T 1
In - d N
/_,_,c (22 + 2az + b)» ~

where a and b are constants with b > a2, and n is a positive integer.

(i) By using the substitution z + a = v/b — a tanu, or otherwise, show that
I = —.

Vb —a?

(ii) Show that 2n(b — a®) Ins1 = (2n — 1) I,,.

(iii) Hence prove by induction that

g 2n—2
In= 7 :
92n-2(p — g2)"~ 3 \ n—1




Q5, (STEP 111, 2004, Q7)
Forn=1,23,...,let

34 tﬂ—-l.
I, = ——dt.
" /c. (t+1)"

t
By considering the greatest value taken by T 1 for 0 < ¢ < 1 show that Iny < 515
1
Show also that f,,; = — + 1.
n 2"

Deduce that I, < g

Frove that

n
1
IIIQ — Z E + I71+1

r=1

and hence show that % < In? < %




